
LINE INTEGRAL IN A SCALAR FIELD

MOTIVATION

A rescue team follows a path in a danger area where for each 
position the degree of radiation is defined. Compute the total 
amount of radiation gathered by the rescue team along the path.
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SCALAR FIELD

Let P be a planar contiguous area with a function    ( )yxf ,

defined on it. We call  ( )yxf , a scalar field defined over M

Similarly, for a 3D area V, we define a scalar field as a 
function ( )zyxf ,, with the domain V.

P
( )yxf ,

[ ]yx,

V

[ ]zyx ,,

( )zyxf ,,

temperature, radiation, moisture, mass, ...



Let a scalar field f (x,y) be defined in a planar area M.
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Let L be a regular curve defined by the parametric equations

Define a partition of T:

naaaa <<<= L10

Choose points nξξξ ,,, 21 K such that
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Put ( ) { }1
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( )naaaN ,,, 10 K is called the norm of the partition.

Put ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]nnn aaLaaLaaL ψϕψϕψϕ ,,,,,, 111000 === K
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( ) ( )( ) ( ) ( )( ) ( ) ( )( )nnnn fLLfLLfLL ξψξϕξψξϕξψξϕ ,,, 122211110 −+++= LL

We can define the following integral sum

If, for ( ) ,0,,, 10 →naaaN K we have 0LL→ for some finite L0,

we say that L0 is the line (or curvilinear) integral of the scalar field 

f (x,y) over L (line integral of the first type).

Formally, we write

( ) dsyxf
L
∫= ,0L



( ) dsyxf
L
∫= ,0L is independent of the way the partition of 

nξξξ ,,, 21 K

If  f(x,y) is continuous on a regular curve L given by the 

parametric equations
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[a,b] is constructed and the numbers
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chosen.

then the following

formula can be used

or

( ) ( )( ) ( ) dtxgxgxfdsyxf
b
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2'1,, += ∫∫

if L is given by the explicit equation y=g (x).



For a 3D-area V, a scalar field f (x,y,z), and a 3D-curve L the 

line integral is defined in much the same way. If  f (x,y,z) is 

continuous on L given by   

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) dtttttttfdszyxf
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If we recall the way the length of a curve is defined, we see 

that ds actually denotes the differential of the length of L.
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we can use the formula



EXAMPLE

∫ ++C zyx

ds
222Calculate where C is the first turn of the helix

[ ]π,0,,sin,cos ∈=== tbtztaytax

In the plot below, we have a=2 and b=0.3
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EXAMPLE

Find the centre of mass of the first half-arch of the 
cycloid 

( ) ( ) π≤≤−=−= ttayttax 0,cos1,sin

if its specific mass is constant.
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The centre of mass of a curve is defined in physics as the point

T=[tx,ty] that has the following property: if the entire mass of the 

curve was concentrated at T, its torque with respect to axes x, y

would be equal to the torque with respect to axes x, y of all the 

points added up. This means that   
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LINE INTEGRAL IN A VECTOR FIELD

MOTIVATION

A ship sails from an island to another one along a fixed route. 
Knowing all the sea currents, how much fuel will be needed ?  



VECTOR FIELD

Let P be a planar contiguous area with a vector function    

( ) ( ) ( ) jyxfiyxfyxf ,,, 11 += defined for each

P

[ ]yx,

V

[ ]zyx ,,

water flow, electromagnetic field, ... 

[ ] ., Pyx ∈

We say that is a vector field on P. Similarly,

( ) ( ) ( ) ( )kzyxfjzyxfizyxfzyxf ,,,,,,,, 321 ++= is a vector field

in a 3D area V.

( )yx,f ( )zyx ,,f

( )yxf ,



Let a vector field be defined on a planar area M.
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Let L be an oriented regular curve defined by the parametric 
equations

Define a partition of T:

naaaa <<<= L10

Choose points nξξξ ,,, 21 K such that

nn aaa <<<<< ψψψ L2110

Put ( ) { }1
0

10 max,,, −≤<
= ii

ni
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( )naaaN ,,, 10 K is called the norm of the partition.

Put ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]nnn aaLaaLaaL ψϕψϕψϕ ,,,,,, 111000 === K
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Define the following integral sum

If, for ( ) ,0,,, 10 →naaaN K we have 0LL→ for some finite L0,

we say that L0 is the line (or curvilinear) integral of the vector 
field over L (line integral of the second type).

Symbolically, we write

( ) ds∫=
L

yxf ,0L

or

( ) ( )∫ +=
L

dyyxfdxyxf ,, 210L

( )yxf ,



( ) ( ) ( )∫∫ +==
LL

dyyxfdxyxfyxf ,,, 210 dsL

is independent of the way we construct the partition of [a,b] and  
choose the numbers nξξξ ,,, 21 K

To calculate the line integral we can use the formula 

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) dttttftttfyxf
b

aL
∫∫ += ',',, 21 ψψϕϕψϕεds

where ε is 1 if the curve is oriented in correspondence with 
its parametric equations otherwise it is equal to –1.



For a 3D-area V, a vector field and a 3D-curve L

the line integral is defined in much the same way with the 

following formula for calculating a 3D line integral:  

Line integral of the second type clearly depends on the way the 

curve is oriented and actually denotes the differential of 

the tangent vector field along L.
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EXAMPLE

Calculate

where L is the first turn of the helix oriented in correspondence 
with the parametric equations

[ ]π,0,,sin,cos ∈=== tbtztaytax

a=2 and b=0.3
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EXAMPLE

∫ ++
C

xdzzdyydx where C is a circle given by

the parametric equations

const,sin,sincos,coscos ==== αααα RztRytRx
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zoriented in correspondence with them.
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EXAMPLE

Determine the work done by the elasticity force if the vector 
of this force at each point is directed towards the origin its 
module being proportionate to the distance from the origin of 
the point and if the application  point of the force moves 
anticlockwise along the quarter of the ellipse    
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tends to zero as 
the ellipse tends 

to circle


